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ABSTRACT In the upper millimeter wave range above 100GHz, the effect of array imperfections
like manufacturing uncertainties and mutual antenna coupling increases, which leads to deviations from
the nominal antenna positions and angle-dependent errors in direction-of-arrival (DoA) estimation. The
proposed calibration procedure aims to correct the assumed array response model, based on nominal
antenna positions and therefore to improve the measurement accuracy of the array. Typically, the calibra-
tion parameters are obtained by interpolating a data set consisting of calibration measurements at known
angles. The required number of measurement points in the calibration procedure increases with larger
array size, which makes array calibration very time-consuming and costly. In this article, a highly efficient
angular array calibration procedure is proposed based on the modal wave expansion technique. After an
initial theoretical formulation of the modal wave expansion followed by simulations, it is shown how the
limitation of the minimum required number of measurement points in conventional calibration techniques
can be eliminated. Experimental results with an antenna array at 150GHz demonstrate that this novel
approach achieves a significant reduction of the number of angular measurement points, especially for
large arrays with a high channel count, without degrading the DoA estimation performance.

INDEX TERMS Array calibration, coupling matrix, direction-of-arrival (DoA) estimation, imaging radar,
modal wave expansion, phased arrays.

I. INTRODUCTION

PHASED arrays and millimeter-wave imaging radars
are commonly used in a variety of civil and mili-

tary applications [1]–[4]. These systems are able to detect
the direction-of-arrival (DoA) of an incoming wavefront or
even perform beamforming on the transmitter side. However,
array non-idealities like mutual antenna coupling, manu-
facturing uncertainties, or varying feed line lengths cause
deviations from the ideal array response. Therefore, a cal-
ibration of each individual fabricated antenna array and
a measurement of the array response vector as a func-
tion of angle is required [5]–[7]. Especially uncertainties
in the antenna positions have a dominant influence on the
overall DoA estimation performance [8], [9]. Based on the
measurements captured during the calibration, the array

response model is adjusted, either in form of calibration
parameters like antenna positions (antenna phase centers)
and phase offsets or non-parametrically based on angle-
dependent reference measurements [10]. This compensates
for errors in the subsequent performed DoA estimation [11].
Especially for millimeter-wave frequencies above 100GHz,
the increasingly large ratio between manufacturing toler-
ances and wavelength enlarges the mismatch between the
ideal and real antenna behavior [12]. Furthermore, the cali-
bration complexity increases with larger array size which
makes array calibration very time-consuming and costly.
To reduce the calibration effort, accurate calibration tech-
niques are needed employing a significantly reduced number
of measurement points to determine the correct calibration
parameters.
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In practice, there are mainly two different calibration
approaches: array calibration using calibration sources at
known locations, self-calibration methods performing a joint
estimation of calibration parameters and DoAs based on the
same data set [11], [13]. This article focuses on the first
category as it is known to provide higher accuracy of the
determined calibration parameters and is therefore typically
used in an initial array calibration [14], [15].
Least-square array calibration methods employing a para-

metric model for the calibration parameters have been
proposed in [14], [16]. These approaches determine the
calibration parameters that best match with the angular cal-
ibration measurements in a least-square sense. In order to
determine a global correction matrix the number of mea-
surement points has to be larger or equal to the number of
antennas, which is disadvantageous for arrays with a high
number of channels.
Another method for array calibration is the interpolation

of the measured radiation pattern. This method assumes that
the array response is accurately measured at the calibration
points with sufficiently large signal-to-noise ratio (SNR).
Therefore, calibration is considered as an interpolation
problem. Similarly to the least-square array calibration
method, a global correction is determined. For a large num-
ber of measurement points an additional averaging of noise
influences occurs. A drawback of this method is the need of
a small angular interval between two measurement points
during the calibration to avoid phase subsampling [10].
However, the number of measurement points can be reduced
by limiting the interpolation interval [12] or by exploiting
phase symmetry [17].
In this work a fundamentally novel calibration approach

based on the modal wave expansion technique is proposed.
This method significantly reduces the required number of
measurement points in comparison to interpolation-based
calibration procedures or least-square array calibration and
achieves an equal calibration accuracy, which leads to a
comparable DoA estimation performance.
This article is organized as follows: In Section II, the

modal wave expansion technique of the measured electric
field is derived. This is afterwards validated by simula-
tions in Section III. A calibration method using the modal
wave expansion technique is developed and applied to mea-
surement data of a 150GHz array in Section IV. Finally,
the calibration effort of the proposed calibration method
is compared to other conventional calibration methods in
Section V.

II. MODAL WAVE EXPANSION TECHNIQUE
After an introduction to the novel idea of array calibration
and DoA estimation, a derivation of the modal wave expan-
sion technique of the electric field of a radiating antenna is
given. The modal wave expansion is mathematically formu-
lated and it is shown how it can be applied to determine the
phase center of an antenna and the calibration parameters of
the array.

FIGURE 1. Summary of the calibration procedure. The measured electric field of an
antenna is used to calculate the mode coefficients, which are used to characterize the
antennas and to derive the calibration parameters.

FIGURE 2. Angular array calibration set-up in the anechoic chamber: The
calibration object is located in the far-field of the antenna array at a fixed location. The
array is turned on a rotary platform, which corresponds to a movement of the
calibration object on a spherical trajectory.

Figure 1 shows the three main steps of the calibration
procedure using the modal wave expansion technique. First,
the angular dependent radiated electric field of an antenna
is measured. Typically, this is done in an anechoic cham-
ber in a measurement set-up as depicted in Fig. 2. Usually,
the calibration object stays fixed and the antenna array is
turned on a rotary platform. This procedure coincides with
a rotation of the calibration object on a spherical trajectory,
but it is more accurate and easier to realize in practice [10].
In the second step, the measured electric field is used to
determine the mode representation of the radiated field. The
derived mode coefficients completely describe the radiation
behavior of the antenna at any given point in space [18].
Furthermore, the position of the antenna phase center and
displacements of the antenna have a great impact on the
mode spectrum and can be determined from it. After a
compensation of possible antenna displacements, the cali-
bration parameters are derived based on the mode spectrum
(see Section IV).
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A. ARRAY CALIBRATION AND DOA ESTIMATION
The goal of the calibration procedure is to determine the
array response vector a(φ) over the desired DoA range.
Assuming that the calibration vectors were accurately mea-
sured with a significantly large SNR, the calibration can be
considered as an interpolation problem. The calibration data
for a wave impinging from a certain DoA is given by [15]

y[l] = ac(φ)s[l] + nc(t), (1)

with l = 1, . . . ,Nc, c = 1, . . . ,C,

the measured array output vector y= (y1[l], . . . , yNRX [l])T for
a number of NRX receive antennas, the real array response
vector ac containing all imperfections, the discrete time-
domain signal s[l], the number of calibration object locations
C, the number of data samples Nc at each position c and the
additive noise vector nc. For an incident plane wave with
the azimuth angle φ, the array response vector is

ac(φ) =

⎛
⎜⎜⎜⎝

A1(φ)e
j
(

2π
λ0
x1 cos(φ)+ψ1

)

...

ANRX(φ)e
j
(

2π
λ0
xNRX cos(φ)+ψNRX

)

⎞
⎟⎟⎟⎠, (2)

with the antenna position xk, k∈ {1, . . . ,NRX}, the phase
offset ψk, the free-space wavelength λ0, and the amplitude Ak
for the k-th antenna.

In case of antennas with a wide beamwidth, the ampli-
tude term has no significant influence on the DoA estimation
performance [10]. As the majority of imaging systems uti-
lizes antennas with wide beamwidth, the amplitude term is
omitted in the following.
In order to determine the DoA, digital delay-and-sum

beamforming can be applied on the receiver side. For this
purpose, all sensor outputs are combined coherently and
the angle-dependent power distribution is measured using
hypothetically assumed DoAs (spatially matched filter). A
large amount of power under a certain DoA correlates with
a hypothetical target, which can then be determined by a
target extraction. Generally, the angle-dependent power dis-
tribution P(φ) is calculated by a discrete Fourier transform
(DFT), where the n-th entry Pn is obtained by [12], [19]

Pn =
NRX∑
k=1

yke
−jψke−j2π k′

NZP
n
, (3)

with k′ = xk
λ0
, NZP = 360◦

δφ
.

In (3), the measurement vector y= (y1, . . . , yk, . . . , yNRX)
T

represents the phase delays of the received signal, k′ is the
fractional value of the antenna position xk in multiples of λ0,
and NZP is the overall number of Fourier samples w. r. t. the
average angular resolution δφ. Hence, the antenna position xk
and phase offset ψk are the required calibration parameters in
order to determine the correct angular spectrum P(φ). They
have to be extracted from the calibration procedure. In order
to enhance the Fourier resolution within the desired DoA

FIGURE 3. Cartesian coordinate system (0 ≤φ1< 2π) with the unit vectors at
(r1, φ1, z1). The antennas are located on the x-axis and the calibration object is
moved in the xy-plane with constant radius r around the z-axis.

range [−φmax,φmax], the indexes n and the corresponding
angles φ are [19]

n ∈
[
− sin(φmax)

90◦

δφ
, sin(φmax)

90◦

δφ

]
∩ Z (4)

and φn = arcsin

(
n
δφ

90◦
)
. (5)

B. MODAL WAVE EXPANSION FOR CYLINDRICAL
COORDINATES
In general, the radiated electric field of an antenna can be
described by orthogonal modes. The modal wave expansion
technique was developed for near-field to far-field conver-
sions [20] and later used to filter unwanted radiating sources
from desired radiators in antenna measurements [21], [22].
Depending on the measurement geometry, it can be imple-
mented for different coordinate systems, such as spherical
and cylindrical coordinates. For linear arrays, where mea-
surements are performed only in the azimuth plane, a wave
expansion in a cylindrical coordinate system offers simpli-
fications because the calibration measurements have to be
performed only in one measurement plane [18]. The cylin-
drical wave expansion technique can be derived from the
solution of the scalar wave equation. For a current-free and
loss-less space it is given by

�χ + k2
0χ = 0, (6)

with the wave number in free space k0, the Laplace-operator
�= ∇ · ∇ in cylindrical coordinates, and the scalar wave
function χ . Assuming that the solution can be written as
a product of functions depending only on a single coordi-
nate, the separation of variables can be formulated in the

940 VOLUME 2, 2021



coordinate system as given by Fig. 3 by

χ(r, φ, z) = R(r)	(φ)Z(z). (7)

The solution is given by plugging (7) in (6) and can be
written as [18]

χ(r, φ, z) =
∞∑

m=−∞

∫ ∞

−∞
Bm(kz)H

(2)
m (krr)e

jmφe−jkzzdkz, (8)

with Bm(kz) being a complex weighting factor, H(2)m (krr) the
second Hankel function of order m ∈ N

0 and kr the radial
component of the wave number. The second Hankel function
is defined as

H(2)m (x) = Jm(x)− jYm(x), (9)

H(2)−m(x) = e−jπ |m|H(2)|m|(x), (10)

with the Bessel functions of first and second kind, i.e.,

Jm(x) =
∞∑
n=0

(−1)n

n!(n+ m)!

( x
2

)2n+m
, (11)

J−m(x) = (−1)mJm(x), (12)

Ym(x) = Jm(x) cos(mπ)− J−m(x)
sin(mπ)

. (13)

The solution of (8) is now being used for the construction of
a vector field solution for the radiated E-field. This solution
is obtained by subdividing into a transverse electric (TE)
and a transverse magnetic (TM) component w. r. t. the z-axis.
These components are given by the vector wave functions
M(2)
mkz

and N(2)mkz
. This yields the following representation of

the vector wave function of the radiated electric field at
r= (r, φ, z) [18]:

E(r) =
∞∑

m=−∞

∫ ∞

−∞

(
B(1)m M(2)

mkz
(r)+ B(2)m N(2)mkz

(r)
)
dkz, (14)

where B(1)m and B(2)m are the cylindrical mode coefficients.
The definitions of the vector wave functions are

M(2)
mkz

=
(
jm

r
H(2)m (krr)êr − ∂H(2)m (krr)

∂r
êφ

)
e j(mφ−kzz), (15)

N(2)mkz
= 1

k

(
−jkzkr

∂H(2)m (krr)

∂r
êr + mkz

r
H(2)m (krr)êφ

+k2
rH

(2)
m (krr)êz

)
e j(mφ−kzz), (16)

and the derivative of the Hankel function is

∂H(2)m (krr)

∂r
= kr

(
H(2)m−1(krr)− m

krr
H(2)m (krr)

)
. (17)

Solving (14) for the cylindrical mode coefficients, the fol-
lowing equations can be derived to calculate B(1)m and B(2)m
by means of the measured electrical field:

FIGURE 4. An offset position of the antenna incorporating an ideal rectangular
aperture increases the radius of the required MRC (minimum radius cylinder) covering
the antenna.

B(1)m (kz) = −1

4πk3
r
∂H(2)m (krr)

∂r

∫ ∞

−∞

∫ 2π

0

(
mkz
r
Ez(r, φ, z)

+k2Eφ(r, φ, z)
)
e j(kzz−mφ))dφ dz, (18)

B(2)m (kz) = −1

4π2k2
rH

(2)
m (krr)

∫ ∞

−∞

∫ 2π

0
Ez(r, φ, z)

·e j(kzz−mφ)dφ dz. (19)

If the far-field condition is fulfilled (kr→ ∞), the calcu-
lation of the cylindrical mode coefficients in (18) and (19)
can be simplified, which decouples the φ- and ϑ-components
of the electric field in spherical coordinates. Moreover, the
calculation can be performed on a 1-D far-field cut in
φ-direction, i.e., on a spherical trajectory in the azimuth
plane (x-y-plane). Finally, the normalized mode spectra can
be approximated by [18]

Bm(k cosϑ) ∼ j−m
360◦∫

0

Etot(r → ∞, φ, ϑ1)e
jmφdφ, (20)

with Etot = Eφ+Eϑ resulting from the usage of polarization
impure antennas or a measurement setup not allowing a
separate measurement of both the φ- and ϑ-components of
the electric field. Therefore, a combined cylindrical mode
coefficient Bm is used.

C. DISPLACEMENT OF THE ANTENNA PHASE CENTER
As shown by (14), an infinite number of cylindrical mode
coefficients is necessary to describe the radiated electric field.
However, the Hankel function H(2)m (kr) declines strongly for
m> kr0, see (17), where r0 is the minimum radius of a
cylinder centered at the coordinate system origin surround-
ing the aperture of the antenna (Fig. 4). This cylinder is
denoted as minimum radius cylinder (MRC). Modes with a
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degree m> kr0 are strongly attenuated and contribute only
marginally to the radiated electric field. Therefore, the elec-
tric field can be approximated by a finite number of lower
degree modes [22]. For an antenna located in the center of
the measurement coordinate system, the MRC and hence the
mode representation of the electric field is minimal. For an
antenna displacement of xk along the x-axis, the radius of
the MRC increases to r′0, which increases the radius of the
MRC and the necessary number of modes thus.
Based on these findings, the mode representation can now

be used to determine the electrical phase center of an antenna
w. r. t. the measurement origin. A displacement of an antenna
in x-direction (Fig. 4) leads to a change in path length
to a calibration target placed along the y-axis. By means
of the difference in path length, the field representation of
the complex electric field can be transformed back to the
measurement origin by [18]

Ec(r) =
( |
rd|

|
rc|
)2

Ed(r)e−jk0(|
rc|−|
rd |) (21)

where |
rc| is the measurement radius and |
rd| the distance
from the displaced antenna to the observation point shifted
around the coordinate system origin in φ-direction with
fixed radius 
rc. In case of an unknown displacement of the
antenna’s phase center, a global search with all possible
antenna position shifts is performed. Each antenna displace-
ment corresponds to a certain MRC. The unknown antenna
displacement is related to the smallest possible MRC. By
minimizing the number of mode coefficients with high rela-
tive power, the MRC can be determined, which leads to the
electrical phase center of the antenna. This information can
be used for the calibration as shown in Section IV.

D. UNAMBIGUITY OF THE MODAL REPRESENTATION
The integral in (20) is only unambiguously defined in a
certain range of mode indexes. Spectral repetitions in the
mode spectrum according to (20) occur if the following
condition is fulfilled:

Bm ∼
∫ 360◦

0
Etot(r, φ, ϑ)e

jmφdφ (22)

=
∫ 360◦

0
Etot(r, φ, ϑ)e

jmφe j�mφdφ (23)

if �m = q
360◦

�φ
, q ∈ Z, (24)

where �m denotes the distance in mode indexes, and �φ is
the angular interval between two calibration measurements.
Consequently, a reduction of the number of angular mea-
suring points results in ambiguous antenna positions, which
have to be resolved, see Section IV-A2.

E. SPECIAL ASPECTS IN RADAR APPLICATIONS
In contrast to polarimetric antenna measurements, the exist-
ing radiated electric field and its distance to the measurement
origin are implicitly represented in the measured time-
domain radar signal. In contrast to antenna measurements,

radars are operated with a certain modulation bandwidth.
Since the bandwidth of radars is typically small w. r. t. the
center frequency, radar signals can be considered as nar-
rowband. Due to the two-way propagation in radar systems,
the phase of the signal measured at a receiving channel
is composed of the sum of the signal phases at a certain
transmit (TX) and receive (RX) antenna. The received time-
domain signal x(t) is related to the transmitted and received
electric field components [23], i.e.,

x(t) ∝ e−j2k0r

r2

(
EφRX
EϑRX

)T
·
(
Tφφ Tφϑ
Tϑφ Tϑϑ

)
·
(
EφTX
EϑTX

)
, (25)

where the matrix T represents the scattering matrix indicating
the radar cross section and the interaction with the target.
Due to the proportionality of Etot and x(t), the calculations
in (20) can also be performed on the time-domain signal x(t).

III. SIMULATIONS
In this section, the influence of an antenna displacement
is examined by simulations. A simple path model for the
propagation channel and isotropic radiators are assumed in
the simulation. The mode spectrum is determined according
to (20). The simulation results are summarized in Fig. 5. A
parameter introduced to evaluate the mode spectrum is the
peak-to-average power ratio (PAPR). The PAPR is the dif-
ference of the maximum power level to the average power
level in the normalized mode spectrum. This parameter indi-
cates the quantity of the error introduced by neglecting higher
order modes. If the PAPR is high, higher order modes decline
strongly and can be neglected without any impact on the
radiated field representation. For a low PAPR the quality
of the mode representation of the radiated field decreases,
which affects the quality of the determined calibration
parameters.

A. DISPLACEMENT IN X-DIRECTION
The mode spectra for an antenna displacement in x-direction
is given in Fig. 5(a). An x-displacement translates into a shift
to lower or higher mode indexes depending on whether the x-
displacement has a positive or negative sign. Additionally, the
number of modes to represent the electric field is increased
depending on the magnitude of x-displacement and therefore
on the radius of the MRC (cf. Fig. 4). Therefore, the mode
spectrum can be used to determine the phase center of the
antenna.

B. DISPLACEMENT IN Y -DIRECTION
An antenna offset in y-direction also increases the MRC
and therefore the minimum number of mode coefficients
to represent the radiated electric field. In contrast to an
x-displacement, a pure antenna displacement in y-direction
results in a symmetrical mode representation of the measured
signal for positive and negative mode indexes, Fig. 5(b).
This symmetry results from symmetrical measurements for
positive and negative angles w. r. t. the broadside direction.
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FIGURE 5. Simulated cylindrical mode spectra for (a) a displacement �x of the antenna phase center in x-direction, (b) a displacement �y of the antenna phase center in
y-direction, and (c) a reduction of angular measurement points.

In other words, a positive y-shift cannot be distinguished
from a negative y-shift. The maximum amount of power in
the mode spectrum is concentrated on two maxima and the
PAPR is decreased with larger antenna offsets. The distance
of the main maxima to the 0-th mode index correlates with
the magnitude of the y-displacement. As the position of the
main maximum is used to determine the x-displacement, the
y-displacement has to be compensated first to avoid errors
while determining the x-displacement.

C. REDUCTION OF THE NUMBER OF ANGULAR
MEASUREMENT POINTS
A reduction of angular measurement points reduces the
unambiguous range of mode indexes to represent the radi-
ated electric field, as indicated in Fig. 5(c) for an angular
interval of �φ= 1◦ in comparison to an angular interval
of �φ= 0.1◦. According to (24), the distance in mode
indexes for spectral repetitions is �m= 360. This distance
in spectral repetitions is independent of an antenna displace-
ment. Furthermore, there is an infinite number of possible
antenna displacements resulting in the same mode repre-
sentation. In order to obtain the correct phase center of
the antenna, these ambiguous positions have to be resolved,
see Section IV-A2.

IV. PROPOSED CALIBRATION METHOD
Based on the theory derived in Section II and investi-
gated by simulations in Section III, a practical calibration
method employing the modal wave expansion technique
is proposed. The performance of the proposed calibra-
tion method is verified by measurements with a frequency
modulated continuous wave (FMCW) radar demonstrator
operating at the center frequency fc = 152.5GHz. The anten-
nas observed in the following are virtual receive (VX)
antennas of the multiple-input multiple-output (MIMO)
radar, see Section IV-B1.

A. CALIBRATION METHOD
The angle-dependent calibration is performed with the cali-
bration setup as depicted in Fig. 2. As shown in Section II-A,
the aim of the calibration procedure is to determine the
electrical phase centers of the antennas and the phase off-
set for each channel. The calibration method consists of the
following three main steps.

1) MODAL WAVE EXPANSION TECHNIQUE

To determine the phase centers of the antennas, a modal
wave expansion with reduced angular interval is calculated
as derived in Section II. In order to reduce the broadening of
the mode spectrum and to enable an accurate determination
of the x-displacement, the radius of the MRC is initially
decreased with pure y-shifts as shown in Section II-C.
Figure 6(a) shows the measured (—–) and simulated (----)
cylindrical mode spectrum Bm for an exemplary VX antenna
and an angular interval �φ= 2.5◦ after correction of the y-
displacement. The good agreement between measurement
and simulation verifies the derivations in Section II. After
correction of the y-displacement, the MRC is minimized with
pure x-shifts, resulting in a set of possible antenna positions.
The sparsity in angular measurement points causes spectral
repetitions (cf. Section II-D), which have to be resolved to
determine the correct antenna position.

2) DETERMINATION OF THE ANTENNA POSITION

Typically, the array geometry to be calibrated and therefore
the VX antenna positions are at least roughly known. Mutual
antenna coupling, manufacturing uncertainties, and misalign-
ment are the main contributions for a deviation between
the ideal array response model and the electrical behavior
of the antennas [5], [24]. With a sufficiently large num-
ber of angular measurement points, this deviation is much
smaller than the deviations resulting from spectral repeti-
tions. Thus, the manufacturing data can be used as an a
priori knowledge to resolve the ambiguities in the mode

VOLUME 2, 2021 943



DÜRR et al.: HIGHLY EFFICIENT ANGULAR ARRAY CALIBRATION BASED ON MODAL WAVE EXPANSION TECHNIQUE

FIGURE 6. Three main steps of the calibration method: (a) Calculation of possible antenna phase centers based on the maxima of the cylindrical mode spectrum. (b) Possible
virtual antenna positions and determination of the best-fit solution using an a priori knowledge of the manufactured antenna array. (c) Determination of the phase offset ψk by
means of the previously determined antenna phase center.

spectrum. Each spectral repetition of Fig. 6(a) corresponds
to a possible antenna position, cf. Fig. 6(b). A comparison
of the ideal antenna positions of the array and the calculated
real antenna positions allows the determination of a best-fit
solution for the antenna positions. Although there is a small
offset due to an array misalignment on the rotary platform,
the proposed method is still able to determine the correct
antenna positions.

3) DETERMINATION OF THE PHASE OFFSET

As the measurement is affected by noise, averaging of several
data points is beneficial for the quality of the obtained phase
offsets. However, the sparsity in angular measurement points
causes ambiguities of the measured phase progression. The
maximum difference of the phase progression between two
angular measurement points for the considered array is [10]

�ψkmax = 360◦ Av
2λ0

sin(�φ) (26)

with Av as the virtual aperture size of the array,
see Section IV-B1. Phase ambiguities due to the sparsity
of the measurement data result in a difference between the
measured and the real phase progression. However, the real
phase progression can be reconstructed by means of the
previously determined antenna position, i.e.,

ψk(φ) = 2π

λ0
xk cos(φ). (27)

Now, the phase error between themeasured and the expected
phase progression can be determined. Afterwards, multiples
of 360◦ are added or subtracted until ambiguities between
two successive angular measuring steps vanish. This results
in the modified phase pattern (—–) in Fig. 6(c) without the
angle-dependent influence of the phase progression, cf. (27).
Hence, only the array displacement in y-direction remains,
which causes the distance of the calibration target to change
symmetrically for positive and negative angles φi w. r. t. broad-
side direction. Thus, the modified phase pattern (—–) in
Fig. 6(c) is a parabola and not a straight line. As all antennas

TABLE 1. Overview of the radar parameters.

are affected by the same antenna displacement in y-direction,
this influence can be corrected by normalizing the phase pat-
terns of all channels to one receive channel ( ). Finally, a
least-square fit of the data is performed ( ), and the phase
offset ψk is extracted at φi = 0◦.

B. PERFORMANCE EVALUATION
The performance of the array calibration procedure based
on modal wave expansion technique is demonstrated by
measurements w. r. t. the accuracy of the obtained calibra-
tion parameters, the minimum possible number of measuring
points, and the performance in DoA estimation.

1) HARDWARE DEMONSTRATOR

Photographs of the 8-channel FMCW multiple-input
multiple-output (MIMO) radar frontend and the array geom-
etry are shown in Figs. 7(a) and (b), resp. Figure 7(c) shows
the corresponding radar setup. The radar parameters used
for the measurement verification are summarized in Table 1.
For a classical MIMO radar using orthogonal TX signals,
the phase of the measured signal is the sum of the phases
at the corresponding TX and RX antenna. This is typi-
cally described by the definition of an equivalent virtual
receive (VX) antenna [25].

2) ACCURACY OF THE DETERMINED CALIBRATION
PARAMETERS

In order to demonstrate the efficiency of the proposed cal-
ibration method, the array is calibrated with an angular
interval �φ= 0.2◦ in the angular range φi ∈ [−70◦, 110◦]
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FIGURE 7. (a) Photograph of the realized radar frontend. (b) Sketch of the positions of the TX antennas (×), RX antennas (×), and VX antennas (×). (c) Photograph of the
hardware demonstrator.

FIGURE 8. Average error of (a) the determined antenna phase centers and (b) phase offsets as a function of measurement points used for calibration w. r. t. the calibration
using the phase interpolation technique with 201 measurement points.

according to the measurement setup as given in Fig. 2 (201
data points). The angular interval corresponds to a maxi-
mum phase change of ψkmax ≈ ±40◦ between two angular
steps, cf. (26) and the measurement is thus not affected
by ambiguities in the phase pattern. Afterwards, the deter-
mined calibration parameters are evaluated in terms of an
increased angular interval by omitting measurement points.
Figure 8 summarizes the average error of the determined
calibration parameters up to the angular interval �φ= 20◦
(three measurement points). If 201 measurement points are
used, the deviations between the results of the calibration
methods are negligible. The figure shows that in comparison
to the calibration with 201 measurement points, there is only
a negligible average error of a maximum of approximately
0.07 λ0 for the antenna positions and 4.5◦ for the phase
errors with angular interval from �φ= 0.2◦ to �φ= 20◦,
corresponding to three measurement points. For reasons of
comparison, a conventional calibration technique is used. The
phase progressions resulting from rotating the radar during

calibration measurement are linearized, and the phase cen-
ter of the antennas are then obtained from the slope of
the linearized curves. As both calibration parameters are
determined simultaneously, the antenna phase center posi-
tions cannot be used to resolve phase ambiguities during
the determination of phase offsets. As this calibration uses a
phase interpolation to obtain the calibration parameters, it is
denoted as phase interpolation technique [12]. This technique
greatly degrades by exceeding the angular interval of 0.4◦
corresponding to 101 measurement points. The calculated
maximum angular interval by (26) is

�ψkmax
Av=65λ0≈ 0.88◦, (28)

which matches with the measured limit.
Increasing the angular interval between the measurement

points leads to a decreasing number of modes in one
spectral repetition. For a large angular interval, modes of
higher magnitude are neglected, as the remaining number
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FIGURE 9. Mode spectra after individual y-correction for an exemplary antenna as a
function of reduced angular interval �φ with mean value µi , i ∈ {0.2◦, 5◦ , 20◦}. The low
PAPR for �φ= 20◦ results in a wrong determination of the y-displacement and hence
to a wrong mode spectrum.

of modes decreases. Therefore, the remaining number of
modes becomes insufficient for an accurate representation
of the electric field and the spectral repetitions start to over-
lap. Due to noise influences in the measurement data and
the superposition of spectral repetitions, differences between
the mode spectra of different angular intervals occur. This
limits the maximum achievable resolution of the determined
antenna positions.

3) MINIMUM NUMBER OF MEASUREMENT POINTS

The measurement results from Fig. 9 prove that the calibra-
tion based on the modal wave expansion technique provides
accurate results up to an angular interval of �φ= 20◦ (3 data
points). The increasing sparsity of the measurement points
creates an increasing number of spectral repetitions in the
mode spectrum and thus a decreasing PAPR (cf. Fig. 9).
For an angular interval of �φ= 20◦ (three data points) the
decreasing PAPR leads to deviations due to superposition
effects. Hence, the calibration effort only depends on the
PAPR and not on the array size or the number of anten-
nas as for conventional calibration approaches. The PAPR
for a given number of mode coefficients depends further on
the electrical size of the antennas as it defines the minimal
required MRC [18], which is an indicator of the number
of relevant mode coefficients and therefore influences the
PAPR.

4) PERFORMANCE IN DOA ESTIMATION

The performance in DoA estimation is shown in Fig. 10
for a target located at the distance R= 3.6m and an inci-
dent angle φ= 110◦. The DoA results based on calibration
parameters derived by the phase interpolation technique
cf. Fig. 10(a) are compared to the DoA results from cal-
ibration parameters obtained by the modal wave expansion
technique cf. Fig. 10(b). Furthermore, the DoA results are
compared for different angular intervals �φ used to deter-
mine the calibration parameters. As demonstrated by the
measurements, there is no noticeable difference between the

FIGURE 10. DoA estimation results for a target located at the incident angle
φ= 110◦. (a) DoA estimation with calibration parameters obtained from the
conventional phase interpolation technique using a decreasing number of
measurements points. (b) In comparison the DoA estimation with the modal wave
expansion technique varying the number of data points from 201 to a minimum
number of data points of 3.

DoA estimation results for both calibration methods, if a
sufficiently small angular interval is used. Additionally, the
modal wave expansion technique allows to reduce the num-
ber of measurement points up to an angular interval of 20◦
and thus by a factor of 100 without any noticeable change in
the quality of the DoA estimation, which follows from the
similar curve shape, the same sidelobe level and the same
DoA.

V. COMPARISON TO OTHER CALIBRATION METHODS
Table 2 compares conventional calibration methods using
a set of known calibration measurements to determine the
calibration parameters. The table is sorted by increasing
number of necessary measurement points. For the simplest
form of array calibration employing phase interpolation, the
phase progression between two angular steps must remain
unique (below |±180◦|, cf. (26)). Least-square calibration
methods perform a matrix inversion to determine the array
response correction matrix. Thus, the required number of
measurements is larger or equal the number of antennas [14],
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TABLE 2. Comparison of different state-of-the-art calibration methods in terms of calibration effort.

which is a drawback especially for arrays with a high chan-
nel count on a small area. Exploiting phase symmetry of
an antenna located in the measurement origin reduces the
number of required measurement points [12]. In summary,
for conventional calibration methods the calibration effort is
typically determined by the array size or the number of anten-
nas [10], [14], [17]. In comparison, the proposed method
based on the modal wave expansion technique requires con-
siderably less measurement points for the array calibration,
cf. Figs. 8 and 10. The calibration effort mainly depends on
the distance of spectral repetitions influencing the level of
the PAPR and the MRC of a centered antenna which makes
it independent of the array size and the number of antennas
or hardware channels. Thus, the proposed method is advan-
tageous for large arrays with a high channel count but also
significantly reduces the calibration effort for conventional
arrays.

VI. CONCLUSION
In this article, a highly efficient and accurate array calibra-
tion method based on the modal wave expansion technique
has been proposed. With this method it is possible to deter-
mine the antenna phase center based on the power spread
in the mode spectrum, which is afterwards used to deter-
mine the angle-dependent array response model of the array.
The presented method requires considerably less calibration
measurements and improves the calibration efficiency signif-
icantly compared to other conventional calibration methods.
It is shown that phase ambiguities due to phase subsampling
can be resolved by using an a priori knowledge of the array
geometry. This makes the calibration effort independent of
the array size and the number of antennas. Consequently,
the proposed method enables a highly efficient and accu-
rate array calibration of large arrays with a high channel
count but also significantly reduces the calibration effort of
commonly used arrays.
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