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Abstract — This paper analyses an automatically tuned
filter and its application at microwave frequencies in detail.
The filter is implemented in a master-slave structure. Either
the phase or the magnitude response of the master-filter at
a reference frequency is used to find information on poten-
tial operating points and on the stability of the complete
control structure. The theory is simulated and compared to
measured results.

I. I NTRODUCTION

The characteristics of analog filters are vulnerable to
fabrication tolerances and temperature drift. Automatic
frequency control using the popular master-slave approach
is the most feasible solution to control these characteris-
tics [1]. It uses a master device that is embedded in a
control loop to generate the tuning signal for the slave
Voltage Controlled Filter (VCF)in the signal path (cp.
Fig. 1). A good matching between master and slave is
essential for a precise operation.

For microwave filters, this problem has been solved in
[2], [3] by using a typical phase locked loop based on a

voltage controlled oscillator matched to the slave filter.

Another control scheme that uses identical filters for
master and slave was proposed in [4]. It utilises a test
signal to measure either the magnitude response (Mag-
nitude Controlled Filter, MCF) or the phase response
(Phase Controlled Filter, PCF) of the filter at a reference
frequency.

The analysis of the latter systems concentrated on tran-
sient simulations for an initial condition and a steady-state
analysis. In this paper an advanced analysis is proposed
that uses a linearisation in the steady-state to derive a
transfer function of the system as well as information
about the stability of the system.

In the first part of the paper a theoretical analysis
of the control structure is given, using a generalised
representation for the detector that allows it to treat the
MCF as well as the PCF in the same manner. Models
for the system components are introduced to illustrate
the procedure. In the second part, the theory is applied
to a band pass filter with variable centre frequency in
an MCF and a PCF system. The results are validated
by measurements with a PCF system at microwave
frequencies.

Reference Master

ufur

ur

Detector

u0

ud

Control filter

Slave

Input Output

Fig. 1. Principle structure of the control loop.

II. T HEORETICAL ANALYSIS

The structure of an automatically tuned filter following
the master–slave principle is shown in Fig. 1. The sinu-
soidal reference signalur(t) = ûr cos(ωrt) with angular
frequencyωr is applied to the master filter as well as to
a detector. The behaviour of the master filter with centre
angular frequencyω0 is described by the transfer function
H(p, ω0). A second order band pass transfer function will
be used in the examples:

H(p, ω0) =
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ω0Q0
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ω0Q0
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(1)

with H0 being the gain at centre frequency,Q0 = ω0/∆ω0

and ∆ω0 (in rad/s) the angular frequency bandwidth at
−3 dB. The relation between the centre angular frequency
and the tuning voltage is given byω0(t) = ω0,0+kfu0(t)
with the VCF conversion factorkf (in rad/s V) and the
quiescent angular frequencyω0,0 .

The detector might either be sensitive to the peak
voltages of the input signals only (MCF, Fig. 2(a)) or
to their phase difference (PCF, Fig. 2(b)). For a general
analysis, the output signal of the concatenation of the
power splitter, the master filter and the detector is de-
scribed by a functionud(t) = g(ωr, ω0, ûr). For the MCF
the output signal is proportional to the power difference of
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Fig. 2. Principle structure of the detector circuits. The nonlinear
blocks in (a) represent power detectors.



the incoming signalud(t) = kp(û
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f−û2

r), with kp in V−1.
Together with (1) the nonlinear function of the MCF is:
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For the PCF with the detector following Fig. 2(b) it is:
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with km (in V−1) being a constant of the multiplier.
TheControl Filter (CF) in the feedback path is typically

a low pass filter together with an amplifier. In the analysis
it is represented by its impulse responsehCF(t) or its
Laplace transform, the transfer functionHCF(p). Thus

u0(t) =

t+0
∫

−0

hCF(t − τ)ud(τ)dτ + u0,0(t) (4)

with u0,0(t) considering settling effects due to initial
conditions in the control filter. WithuC(0) being the
initial voltage of the capacitor, a first order low pass filter
yields:

HCF(p) =
A

1 + pRC
, u0,0(t) = uC(0) e

−t/RC . (5)

The control system adjusts the centre angular frequency
ω0 of the filter to the reference angular frequencyωr. Its
behaviour is described by the integral equation:

ω0(t) = kf

t+0
∫

−0

hCF(t − τ)g (ωr(τ), ω0(τ), ûr(τ)) dτ

+ ω0,0 + kfu0,0(t) .

(6)

Due to the nonlinearity represented byg(), the equation
cannot be solved analytically in general. To gain insight
into the structural behaviour of the system, we will apply
the methods of steady-state solutions and linearisation that
are also successfully used in the analysis of phase locked
loops [5]–[7].

Provided that the angular frequency and the amplitude
of the reference signal are constant, the centre angular
frequency of the VCF will settle at a constant value. In
terms of the system equation (6) this is equivalent to a
steady-state solution. These stationary solutions are called
Operating Points (OP). The conditional equation for the
OP might be derived from (6) for(ωr, ω0, ûr) = const.:

ω0 =ω0,0+kf

(

lim
t→∞

u0,0(t)+HCF(0)g(ωr, ω0, ûr)
)

.

(7)

HCF(0) is the DC-gain of the control filter. The limit of
the control filter transient term usually tends to zero.

The OPs might be considered as equilibrium points of
the system. However, the analysis does not provide any
information, whether the equilibrium is stable or unstable.

An OP is stable if the system returns to this point after a
slight perturbation, otherwise it is unstable.

For the stability analysis, the nonlinear functiong() of
the system is expanded into a linear Taylor series at the
OP:

g(ωr, ω0, ûr) ≈ ud,0 + Kdω0 + Kr∆ωr + Ku∆ûr (8)
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∆ωr = ωr − ωr,OP , ∆ûr = ûr − ûr,OP , (10)

ud,0 = g(ωr, ω0, ûr)|OP− Kdω0,OP . (11)

The integral equation is linearised and Laplace trans-
formed:

ω0(p) =
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p
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]
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(12)

with

H(p) =
kfKdHCF(p)

1 − kfKdHCF(p)
. (13)

For the operating point, it was assumed that the system
is settled in a steady-state. Therefore, it is reasonable to
neglect all terms in the equation above that vanish as
t → ∞. Together with the formula for the operating points
(7) it is then rewritten as:

ω0(p) =
ω0,OP

p
+H(p)

[

Kr

Kd
∆ωr(p)+

Ku

Kd
∆ûr(p)

]

(14)

to describe the system behaviour for small disturbances
from the OP. The well-known methods of system theory
might be used to analyse the stability of each OP [8] that
is determined by the stability ofH(p) for steady-state
input signals.

For the control filter used in the example it is:

H(p) =
AkfKd

1 − AkfKd + pRC
. (15)

To obtain a stable system the only pole ofH(p):

p =
AkfKd − 1

RC
(16)

must be located in the left half of the complex plane.
Apart from the stability considerations, the linearised

equation (14) might be used to investigate the system
response on perturbations like a step or a ramp of the
reference frequency, as long as they are sufficiently small.

III. R ESULTS

For the solution of the OP equation (7), two methods
will be carried out. The first graphical method is suit-
able to gain insight into the structural behaviour of the
solution, whereas the second numerical solving might be
easily automated with a computer. The system parameters
are chosen to form an instructive example and to be
comparable to the measurements of the realised system.
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Fig. 3. Graphical solutions of the MCF system in the
steady-state for the parameters:f0 = ω0/2π, fr = ωr/2π,
fr1 = 2.35 GHz, fr2 = 2.5 GHz, fr3 = 3 GHz, H0 = 0.95,
Q0 = 10, ω0,0 = 2π ·2.25 GHz, A = −5, kf = 1.3 ·109 rad/V s,
kpû2
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Fig. 4. Numerical solution of the MCF system in the steady-
state for the same parameters as in Fig. 3.

A. Magnitude Controlled Filter

The conditional equation for the OP is rewritten as

g(ωr, ω0, ûr) =
ω0 − ω0,0

kfA
. (17)

Fig. 3 shows a plot of the right- (dashed line) and the
left-hand side (solid line) of the equation for different
reference frequencies. The intersections are the OP of the
MCF. It can be seen that forfr < fr1 there is only one
intersection (➁) that leads to an unusable centre frequency
of the filter. For higher frequencies (fr2) there are three
intersections, where two of them (➂, ➃) lead to a centre
frequency with a moderate frequency deviation from the
reference. For even higherfr there occurs only one OP
as shown forfr3.

The graphical method is not well suited for stability
considerations since it requires to determineKd as the
slope of the tangent in the considered OP.

A numerical analysis of the conditional equations for
the OP and stability were done in a range of reference
frequencies using the computer algebra systemMaple 8.
Fig. 4 shows the result as a plot of the centre frequency of
the OP vs. reference. The intersections from the graphical
analysis are indicated as well. It turns out that for curves
with two usable OPs (e.g.fr2 = 2.5 GHz, ➂, ➃) always
one of them is unstable. The third OP is also stable, i.e. the
initial conditions decide, which steady-state is reached.
This is an undesirable situation for a control system. For
higher reference frequencies (e.g.fr3 = 3 GHz), there
exists only one stable operating point but it leads to a
larger frequency error.

Hence, for an MCF control system it is not possible
to combine high accuracy with only one stable operating
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Fig. 5. Graphical solutions of the PCF system in the
steady-state for the following parameters:f0 = ω0/2π, fr =

ωr/2π, fr1 = 2.25 GHz, fr2 = 2.5 GHz, fr3 = 3.3 GHz,
fr4 = 3.4 GHz, H0 = 0.66, Q0 = 10, ω0,0 = 2π · 2.25 GHz,
A = 200, kf = 1.3 · 10
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Fig. 6. Numerical solution of the PCF system in the steady-
state for the same parameters as in Fig. 5.

point.

B. Phase Controlled Filter

The same analysis was carried out for a PCF system
as well. The result of the graphical analysis is depicted
in Fig. 5. For lower reference frequencies (e.g.fr1, fr2)
there is only one intersection of the curves (➀, ➁), hence,
there is only one OP. The numerical analysis (Fig. 6)
shows, that it is stable. Furthermore, the accuracy is very
good.

For larger reference frequencies (fr4) there is also only
one stable OP, but it shows a large deviation from the
reference which makes it unusable. In the region in-
between (fr3), two more operating points emerge, leading
to a situation similar with the MCF. There are two stable
OPs (➂, ➄) and one unstable in-between of them (➃).

For a useful control system, only one stable OP is desir-
able. To accomplish this, the maximum input frequency
should be limited. The useful frequency range can also
be easily extended, using a higher gain in the control
filter. Furthermore, the tuning range of the filter is limited
anyway in a practical system.

C. Measurements

A PCF system was realised to validate the results. A
first order parallel coupled filter with a varactor diode in
the middle of the resonator was used. The phase sensitive
detector was implemented as a singly balanced mixer
comprising a Lange coupler, a matching network and a
diode pair.

The filter is tunable from2.2 GHz to 2.8 GHz, the
quiescent frequencyω0,0 was shifted to be in the middle
at 2.5 GHz using a DC-offset. The system parameterskf ,
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kmû2
r, Q0, H0 that were used in the previous analysis

were derived at an input power level of−8 dBm at
2.5 GHz.

The control filter was designed for a DC-gain ofA =
100 and a3 dB-cutoff at 125 kHz. It was implemented
with an operational amplifier.

Fig. 7 shows the relative frequency error

εf =
fr − f0

fr

(18)

for measurement and analysis. The deterioration above
2.8 GHz and below2.2 GHz is due to the limited tuning
range of the filter. The error could be reduced with a
higher DC-gain in the control filter.

Since the linearised system is of first order, an expo-
nential settling behaviour is expected. Fig. 8 compares
the measurements that were done, switching between
two sources of different frequencies, with the exponen-
tial settling of a first order system. The start and stop
frequency were fitted to agree with the measurement, the
time constant was derived from the linearised equation as
τ = 211 ns.

For small deviations from the OP (fr = 2.6 GHz), mea-
surement and analysis are in good agreement. For larger
deviations (e.g.fr = 2.3 GHz) the linear approximation
is not accurate enough to describe the system.

IV. CONCLUSION

In this paper an automatic frequency control systems
for tunable filters was analysed. The obtained results
were demonstrated for a magnitude and for a phase
sensitive detector. Measurements for a filter at microwave
frequencies were presented that confirm the theoretical
results. Due to its generality, the method might be easily
applied to other types of detectors and control filters.
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